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Thus far in the search for, and classification of, 'physical' modular invariant partition 
functions ^ -/Vii? Xl Xr the attention has been focused on the symmetric case where the 
holomorphic and anti-holomorphic sectors, and hence the characters xl and Xi?? are as- 
sociated with the same Kac- Moody algebras Ql = Qr and levels = k^. In this paper 
we consider the more general possibility where (^l, /cl) may not equal {qr, kR). We dis- 
cuss which choices of algebras and levels may correspond to well-defined conformal field 
theories, we find the 'smallest' such heterotic {i.e. asymmetric) partition functions, and 
we give a method, generalizing the Roberts- Terao- Warner lattice method, for explicitly 
constructing many other modular invariants. We conclude the paper by proving that this 
new lattice method will succeed in generating all the heterotic partition functions, for all 
choices of algebras and levels. 



1. Introduction 



Rational conformal field theories [1] consist of two nearly independent sectors, the 
holomorphic ( "left- moving" ) and anti-holomorphic ( "right-moving" ) , coupled via the par- 
tition function. The currents Jl{z), Jr{z*) corresponding to the two sectors of a Wess- 
Zumino-Witten theory [2] generate two commuting Kac-Moody algebras gL,gR- Its parti- 
tion function can be written as: 

Z{zlZr\t) = J]Ar^aH>^Az.(^i"^)XA«(^it:^)% (1-1) 

where Xx^ is the character of the representation of ^i, with highest weight Xl (similarly for 
X^^), the coefficients N^^^^ are numbers (multiplicities), and the sum is over all highest 
weights with the levels kL,kji fixed by the theory. All this will be described more carefully 
in the next section. 

The algebras ql, gn may or may not be isomorphic, and /c^, may or may not 
be equal. There are neither physical nor mathematical reasons why the case (^_l, ki) ^ 
{gRi kp) should be avoided, and in fact experience from string theory [3] hints that this 
case could include some interesting theories. Any such asymmetric theory, and its partition 
function, shall be called heterotic. 

There are three properties the sum in eq.(l.l) must satisfy in order to be the partition 
function of a physical conformal field theory: 

(PI) it must be modular invariant. This is equivalent to the two conditions: 

Z{zlZr\t + 1) = Z{zlZr\t), (1.2a) 
exp[-7ri{kLzl/T - kRZ*i/T*)] Z{zl/t, zr/t\ - l/r) = Z{zlZr\t); (1.26) 

(P2) the coefficients N\j^\j^ in eq.(l.l) must be non-negative integers; and 

(P3) uniqueness of the vacuum: N^^^^ = 1 for = kL$0L, Xr = kR^oR (these are the 

highest weights of the singlet representations of levels fc^, kR, respectively; /3ol and 
/3o_R are the fundamental weights (see [10]) associated with the 0-nodes of the Dynkin 
diagrams of g^ and gR, respectively). In the following sections we switch notation 
from affine weights A to horizontal weights A, and this condition reduces to A^oo — 1- 
If the function Z in (1.1) satisfies (PI), we will call it an invariant; if in addition it 
satisfies (P2) and (P3) we will call it a physical invariant. These properties are necessary 
for Z to be the partition function of a sensible theory, but they are not sufficient. In this 
paper we will be interested in the construction and classification of all physical invariants 
corresponding to a given choice of algebras and levels, but we will not address the question 
of which of these actually correspond to well-defined conformal field theories. 

Much work has been done recently on finding and classifying physical invariants (see 
e.g. [4]). However, so far the attention of researchers has rested almost exclusively on the 
special case where cjl = gR = g and k^ = kR = k (perhaps the only notable exception 
is level 1, the canonical example being the heterotic string). Such an invariant will be 
called symmetric. In the following section one such approach [5], due to Warner and, 
independently, Roberts and Terao, shall be described. 
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Perhaps the principal reason for the general absence of work on heterotic invariants is 
that the standard tools developed for the symmetric case [e.g. using simple currents [6], 
or automorphisms of the fusion rules of extended algebras [7]) are not as easy to apply in 
the heterotic case. Those algebraic techniques provide a very elegant derivation of many 
symmetric physical invariants, particularly those lying on infinite series, but some of the 
so-called exceptional physical invariants are less tractible from that perspective. Many 
exceptional invariants can be constructed using conformal embeddings [8] , but not all can. 
A major strength of the Roberts-Terao- Warner lattice approach is that all invariants are 
placed on an equal footing. Moreover, it is a complete method [9] , and for small ranks and 
levels is very practical. These qualities make it particularly suited to the heterotic case, 
where we will find that there are only exceptional physical invariants. 

Their lattice method extends naturally to the heterotic case. However, the resulting 
method will fail to find any nonzero modular invariants, unless the algebras and levels 
involved satisfy excessively strong conditions. Fortunately, it is possible to generalize 
their method, in two independent ways, so that the completeness of the symmetric case is 
transferred into a completeness for the heterotic case: this generalized lattice method will 
find all possible heterotic partition functions (see Thm.E). 

This paper is concerned with the search for heterotic physical invariants. In Sec. 2 
we review the lattice approach of [5] for constructing symmetric invariants. We generalize 
it in Sec. 3. In Sec. 4 we analyse this new method. We find a necessary condition on 
the algebras and levels required for the existence of physical invariants. In Sec. 5 we give 
explicit examples, and use the analysis of Sec. 4 to find all heterotic physical invariants of 
smallest 'total rank' (see eqs.(5.3)). In the final section we provide a rigorous proof of the 
completeness of this new method. 



2. The lattice approach of Roberts-Terao- Warner 

In this section we will restrict our attention to the symmetric case where Ql = 9r = 
g and = kn = k. We will review the method of Roberts-Terao- Warner, changing 
their notation and presentation somewhat. But first we will briefiy introduce some of the 
notation involved with Kac- Moody algebras (see [10,11] for details). 

Let gr be a (simple) finite-dimensional Lie algebra of rank n, and let q;^, . . . , o;^ be its 
simple coroots. The span (over the integers Z) of these coroots is called the coroot lattice 
of g and will be denoted by M = Mg. These lattices M are listed in the appendix for 
each choice of g. There exist vectors (3i, . . . , (3n in the dual M* of the lattice M satisfying 
Pi ■ Oj = 5ij; these vectors span M* and are called the fundamental weights of g. Let 

Each g also has a set of colabels a/, z = 1, . . . , n. The number 1 + ^a^ is called the 
dual Coxeter number and is denoted by /i^. For each k — 0,1,2, . . . define 

n n 

P+{g,k) = {Y,m^P^\mieZ, < m^, J] m^a/ < A;} C M*. 

Now consider the untwisted affine extension g = g^^^ of g. It turns out that the 
properties of g can be expressed in terms of those of g. The details will not be given 
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here. Any integrable irreducible representation of g is associated with a positive number 
fc, called its level, and a (horizontal) highest weight vector A G P-^-{g,k). For example, 
the singlet representation considered in (P3) corresponds to A = 0. A representation has 
the (normalized) character denoted by Xx '{u, z,t). Here, u and r are complex numbers, 
Im(r) > 0, and 2; is a complex vector lying in 

-def 



C(g)M = {^CiXilci e C, XieM}. 



(We will use that notation throughout this paper; R (g) A and Q ® A are defined similarly, 
for any lattice A.) The variable u is not relevant for what follows and will be ignored 
{i.e. set equal to 0). Most writers consider the partition functions (1.1) to involve the 
restricted characters x^' (r) where z is also set equal to 0. (However in [12] it is argued 
that for conformal field theories with c > 1 — which is the case of interest here — these 
restricted partition functions cannot carry enough information to specify the theory and so 
z should be retained.) In this paper we will retain the vectors z. Of course the restricted 
partition functions can be recovered at the end by substituting in z — 0. 

We will only consider the case where the algebras ciliQr are untwisted affinc alge- 
bras. The approach of Roberts- Terao- Warner (henceforth RTW) starts from the Weyl-Kac 
character formula for these algebras. But before we can state it, we need the following 
definitions. 

Given any positive definite lattice A and any vector G Q ® A, the translate v -|- A is 
called a glue class. The theta series of that glue class is defined to be 

Q{v + A){z\t)=^ J2 exp[7riTx'^ + 27riz-x]. (2.1) 

x€v+A 

Here r G C, and 2; is a complex vector lying in C (S> A. Since A is positive definite, this 
converges and in fact is analytic for all such z and any r in the upper half plane. Given 
any lattice A and positive number we write A^^) for the (positive definite) scaled lattice 
ViA, and A^"^) for the corresponding negative definite scaled lattice. 

An integral lattice is one in which all dot products are integers. An even lattice is 
both integral, and has only even norms. An odd lattice is an integral lattice with at least 
one odd normed vector. A self-dual lattice A is one which equals its dual A*. Finally, by 
a gluing A of Aq, we mean that Aq is a sublattice in A of finite index. Thus a gluing of Aq 
is precisely any lattice which can be written as a finite disjoint union of glue classes of Aq. 

For a discussion of glue classes and their uses, see for example [13]. The theta series 
of lattices are addressed for example in [14] . 

Now we return to the context of the algebra g. M is its coroot lattice and W{g) is 
its Weyl group. Given a transformation w G W{g), we can define its sign e{w) —det{w) G 
{±1}. 

The Weyl-Kac character formula can now be written as: 

Xi' M = ^-^^ , (2.2a) 

Dg{z\T)'^^^ e{w)e{^ + M^^^^){Vhyw{z)\T). (2.26) 
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Note that eq.(2.2a) allows us to define Xx^ for any A e M*. However, it can be shown 
(see [10]) that for any X e M* and A; > 0, either 

xf{z,T)^0 (2.3a) 

for all z and r, or there exists a unique A' e P+ig, k) and e e {±1} such that 

xi'\z,T) = ex'y\z,T), (2.36) 

for all z and r. 

The central idea of the RTW lattice method is as follows. 

By (M^^); M^^^) we mean the 2n- dimensional indefinite lattice M^^^ © M^~^^; we will 
denote its vectors by {xl'jXr) in the obvious way. We are interested here in the choice 

e = /c + Zt^. Let A be any even self-dual gluing of A^'-^ =^ (m'^^+''''); M(^+'''')). That implies 
that 

A^'^'c A = A* c A^''^*. 

We will also write the vectors of A in the form {xl', xr). 
Define the function 

WZA{g,k){zLZR\T)'^= ^ €{wL)e{wR) ^ exp[7riTxl - 7riT*x%]- (2.4) 

■ exp[27rVA; + K^i{wL{zL) • xl - wuizu)* ■ xr)]/ Dg{zL\T)Dg{zii\Ty 

Because A is a gluing of A^''^, eq.(2.2a) tells us we can write WZ\{g, k){zLZji\T) as a sum 
of terms looking like 

x'>:'jzr.,T).xfjzn,Tr, (2.5) 

for Al, Xr e M*. Eqs.(2.3) now tell us that WZ\{g, k){zLZR\T) can be written as a linear 
combination (over Z) of terms like that in eq.(2.5), with Al,A_r now lying in P+{g,k). 
Also, because A is even, (1.2a) is satisfied, and because A is self-dual, it can be shown 
(using Poisson's equation or more directly eq.(3.106) in [14], together with Lemma 13.8 in 
[10]) that (1.26) holds. 

The RTW method suggests we look at these WZx{g, k). We know from the previous 
paragraph that these functions are in the form of eq.(l.l), and that property (PI) is 
satisfied. In general, (P2) and (P3) will not be. However, any linear combination 

Y,^iWZ^^{g,k){zLZR\T) (2.6) 

i 

which satisfies (P2) and (P3), will be a physical invariant when each Aj is an even self-dual 
gluing of A^''^. 

Roberts and Terao [5] expressed all known physical invariants corresponding to g — Ai 
or g = A2 in the form (2.6). This author has shown in [9] that all (symmetric) physical 
invariants associated to any g, of any level k, must necessarily be expressible in this form. 
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3. Generalizing the RTW method 

The extension of eq.(l.l) to semi- simple algebras is trivial. By a type T we mean the 
collection 

r ={rL;rR), where (3.1a) 

={{9Ll,kLl},{gL2,kL2},---,{9Ll,kLl}), (3.16) 

T'r ={{gRi, km}, . . . , {gur, ^flr}) • (3.1c) 

Here each g^i and gjij is a simple finite-dimensional Lie algebra, and each fc^j and knj is 
a nonnegative integer. For shorthand we will write 

A{Tl) =M^J^^+^"^ © ■ ■ ■ © M^glf'+^'^'\ (3.2a) 
P+{Tl) =P+{gLi,kLi) X ■ ■ ■ X P+{gLi. ku), (3.26) 
XxA'rL){zL.T) =xf,f "(^Li,r) • • •xf;;'^'(^L^r), (3.2c) 

with similar definitions for Tr, where '©' in (3.2a) denotes the orthogonal direct sum 
of lattices and 'x' in (3.26) denotes the cartesian product of sets, and where = 
(Ali, . . . , Xli) e K{TlY and zl = {zlu zli) e C A(rz,). 
Then (1.1) becomes 

Z{T){zlZr\t)= J2 Nx,XnXX.{TL){zL.T)xXn{TR){zR,T)\ (3.3) 
Xl ,Xii 

where the sum is over all A^ e P+{Tl), Xr G P+{Tr). 
Because for any g, 

P+{g,0) = {0} and xf{z,r) = 1, (3.4) 

we can and usually will assume in (3.1) that no levels k^^hRj equal 0. When all / + r 
levels are positive, T is said to be a positive type. By definition, we will insist that the 
type of any (nonconstant) invariant be positive. We will call an invariant Z, or its type 
T, symmetric if I = r and, up to a rearrangement of the indices, (gLi, k^i) = (gRi, kRi). If 
not symmetric, they will be called heterotic. 

Let n^i, riRj be the ranks of g^i, gRj, and define hl = riLi + ■■■ + ^r = 
nRi + ■ ■ ■ + URr- By the total rank of an invariant (or its type) we mean the number 
riL + riR = riLi H h riRr- 

In this section we are concerned with the search for physical invariants of arbitrary 
type. The idea is to generalize the RTW approach, i. e. to find a class of lattices A and 
some function fK{zLZR\T) with the property that 

W fx{zLZR\T)'^^ ^ e{wLi)---t{wRr)- (3.5) 

/A(VfeLl + hl-^WLljzLl), • • • , \/kRr + h)^^WRi{zRi)\T) 
Dg^^{zLl\T) ■ ■ ■ Dg^^{zRr\T)* 
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(the sum is over all WLi G W{gLi), wjij e W{gjij)) can firstly (i) be written as a linear 
combination of terms of the form 



for Ai e P+(Tl), Xji e P+(Tr), and secondly (ii) that for all A in that class of lattices the 
function WJa has the correct modular behaviour (see eqs.(1.2)). 

The obvious extension of the RTW lattice method to this more general situation is to 
let the lattices A in (3.5) be even self-dual gluings of the indefinite lattice 



and to define the function WZ\{T){zlZr\t) as the obvious analogue of (2.4), by choosing 
/a = ©(A). However, by a well-known theorem (see e.g. [13]) such A could exist only 
when the ranks nLijUnj (which equal the dimensions of the coroot lattices Mg^^.., Mg^^.) 
satisfy the congruence ul = ur (mod 8). This excessively strong condition suggests this 
extension is not sufficiently general. 

There are two directions in which wc will generalize the RTW method. We will 
consider a more general /a, which will allow us to use odd self-dual lattices as well as 
even ones. Secondly, we will use (3.4) to allow us to use other types T' in our search for 
invariants of type T. 

Before we continue we should explicitly write down the modular behaviour of the 
denominator Dg of the Weyl-Kac formula, eq.(2.2). 



where p is defined in the previous section, and where ||A_|_|| denotes the number of positive 
roots of g. The numbers and ||A+|| for each g are included in the appendix. The proof 
of (3.7a) follows immediately from the fact that the coroot lattice M is even for any Lie 
algebra g. The proof of (3.76) is given in Lemma 13.8 of [10]. 

Let A be any lattice (not necessarily self-dual), and let u — {ul',ur),v — {vl'jVr) e 
R® A (R® A is defined in the fourth paragraph of Sec. 2). A fairly general lattice function 
which is reasonably well-behaved under r — > —l/r is the following function (similar to one 
found in [15] in the context of string theory, and related to the theta functions of rational 
characteristic in [16]): 



(3.6) 



A(r)'ii*(A(r,,);A(r^)), 






(3.8a) 



■ exTp[27ri{{zL + vl) • {xl + ul) - {z*r + vr) ■ {xr -h ur)}]. 



Then Poisson's eq. gives us (for integral A) 



( 



) 



nL/2 




) 



■nR/2 



T 



A-^^{K){zl/t,zr/t\-1/t) 



explnizl/r — niz'^/r*]- 




(3.86) 



[g]eA*/A 
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We would like to make the choice /a = ^"''"(A) in (3.5), which suggests that we demand 
A* = A, V = u (mod A), and —u = v (mod A*), i.e. that A be self-dual, u = v, and 
2u e A. 

Eqs.(1.2a) and (3.7a) suggest that A''''' {A){zlZr\t + 1) should equal A""'"" {A){zlZr\t) 
up to some constant factor, which in turn suggests that we should require {x + u)'^ be 
independent (mod 2) of a; e A. This holds iff 

x"^ +2x-u = (mod 2) Vx e A. (3.9) 

Given any integral A, it is easy to show that there are always vectors tt e R® A satisfying 
(3.9): an example is 

1 

— Z. \^ 2 * 

'*^e — 2 / J ' 

i=l 

where {ci} is any basis of A and {e*} is the corresponding dual basis, which satisfies 
Ci ■ Cj = 5ij. For self-dual A, the solution u to (3.9) is unique, modulo A. Moreover, for 
self-dual A any u satisfying (3.9) must necessarily obey 2tt e A and has the norm 

«2 = {fiL - nR)/4 (mod 2), (3.10) 

where {nL,nR) is the signature of A (eq.(3.10) is proved e.g. in [17]). 

By no means is it suggested that these choices of A, u, v are the most general possible 
to yield modular invariant A^''"{A) (that would be false), but they turn out to be sufficient 
to span any other choice. 

For any (not necessarily positive) type T, define 

WZl{T)izLZR\T)'^^' eM'^i{nR-nL)/2] J] e(wLi) ■ ■ ■ e{wRr)- (3.11a) 

WLi,WRj 

D{n){zL\r)D(rR){zR\rY 
D{Tr^){zL\T)^^D,,,{zL,\T)---D,^^{za\T\ (3.116) 

with a similar formula for D{Tr), where the Weyl automorphisms w^i, Wrj are as in (3.5), 
and ul = 'Yl'^Li, nR = 'Y^'^Rj (^^^ factor in the front of (3.11a) is introduced to avoid 
awkward complex coefficients later). 

The previous comments may be summarized in the following way: 

Theorem A: Let A be any self-dual gluing of A(T). Let u E R ® A be any vector 
satisfying eq.(3.9). Then the function WZ'^(T){zlzr\t) has the following properties: 

(i) it can be written as a linear combination over Z of terms of the form (3.6); 

(ii) let tt' e R® A be any other vector satisfying eq.(3.9). Then 

wz^{T) = (-i)("-'^')Vzx(r); 
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(iii) WZl{T) satisfies eq.(1.2a) iff 



E 



1=1 




{nL - nnj/A (mod 2); 



(3.12a) 



(iv) it satisfies eq.(1.26) iff 



r 



=nL-nR (mod 4). 



(3.126) 



This theorem defines a method for finding physical invariants of heterotic type T. At 
least for small dimensions ul and Ufi and levels kLi^knj, it is a straightforward task to 
find all self-dual gluings of A(T). Then as with eq.(2.6), we search through the linear 
combinations of the resulting WZ'^, (T), to see when properties (P2) and (P3) are satisfied. 

Note that we no longer require the self-dual lattice A to be even. Thus we are 
freed from the severe restriction that ul = nn (mod 8). However we are now limited 
by eqs.(3.12). 

When A is even, tt = may be chosen. Since WZ^{{g, k}; {g, k}) = WZ^{g, k), we 
see then that this new method includes the RTW method as a special case. In fact, see 
Thm.D(i). 

There is a second direction in which we can generalize the RTW method. Consider 
any positive type . Now consider any type T' of the form 



where either or r' may be 0. Such a type, where all levels are 0, will be called a null 
type. Let T = T+ -|- T' denote the obvious combination of these types: 



We say that T+ -|-T' is the augment of T+ by T' . We are interested in choosing T' so that 
T+ -h T' satisfies eqs.(3.12), regardless of whether or not T+ alone does. The idea is that 
because of (3.4), the function WZl{T + + r') for any self-dual gluing A of K{T + +T') wiU 
be expressible as the sum of the terms in (3.5), and hence will actually be an invariant of 
type T+. 

This will be discussed further in the following sections. This approach to construct 
physical invariants of type T+ by taking linear combinations of the functions WZ\{T^ -\- 
T'), will be called the generalized RTW method. Examples will be be given in Sec. 5. 

Before we leave this section, let us express this more precisely and introduce some 
useful notation. Consider any (not necessarily positive) type T. Let C{T) be the set of all 
pairs (A,^), where A is a self-dual gluing of A(T), and A,u satisfies eq.(3.9). Let Cev{T) 
consist of all even self-dual gluings of A(T). There are finitely many lattices in both C{T) 
and Cev{T^)'-i Cev{T^) will be empty unless ul = nn (mod 8). Finally, let Q,^{T) be the space 



^' = (Ri, 0}, . . . , 0}; {^^1, 0}, . . . , {^^,„ 0}), 



(3.13a) 



+ = {{gLiMi}. R/M 0}; {gm, /cm}, • • • , {s'Wm 0}). 



(3.136) 
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consisting of all linear combinations (over C) of the functions WZ\{T), V(A, tt) e >C(T), 
and let Vt^^{T) be the space spanned by all functions WZ^iT), for A G Cf,v{T). We shall 
call these, respectively, the lattice commutant and even lattice commutant of type T. 

Now let T"*" be positive. By Vtw{T^) we mean the Weyl- folded commutant oi type T"*", 
i.e. the space of all modular invariant functions Z{zLZii\r) of type T'^ . The generalized 
RTW method involves getting at the Weyl- folded commutant, and hence the physical 
invariants, of type by computing the (even) lattice commutant of augmented type 
T"*" + T', for some null type T' . We will show in Sec. 6 that the (even) lattice commutant 
of type T+-I-T' either equals {0}, or equals VtwiT^^)] we will also show that for any positive 
r+ there exist nuU types T', T" such that f]^(r+ +r') = nw{T+) and n^^{T+ +T") = 
Q.w{T^'^)'i and we will characterize all T' ^T" for which these equalities hold. 

The RTW method, on the other hand, may be equated with the set Vt^^{T^). For 
symmetric T+ this will always equal the Weyl-folded commutant of type T+ (see [9] ) , but 
for heterotic T+ it usually will not. 



This section begins the analysis of the completeness of the generalized RTW method 
which will be concluded in Sec. 6. It also includes a condition (4.3) the type must satisfy 
in order that physical invariants of that type exist. 

For the convenience of the reader, in the appendix is listed p^, , \\^+\\ and M for 
each simple Lie algebra g. These quantities will be recurring throughout this section. 

In the following theorem we make use of a relation called similarity, which is discussed 
in some detail in [18]. It can be defined in the following way. First, call two lattices A, A', 
with bases . . . , {/^l, • • • , rationally equivalent if their associated quadratic 
forms Q{xi, . . . , Xn) = (^j Xi(3iY and Q'{yi, . .., yn') = (Zlj Ujf^j)'^ ^^e transformable into 
each other using linear maps y = Ax and x = By, where all Aij, Bij e Q. Let Ai and 
A2 be two positive definite lattices of dimensions ni and n2. Then we write Ai ~ A2 iff 
Ai © and A2 © /m are rationally equivalent. (Here and throughout this paper, is 
the n-dimensional orthonormal lattice.) It turns out (see [18] for details) that for direct 
sums of the root lattices and their scalings, which is the case of interest here, similarities 
can easily be determined. The similarities of the coroot lattices are also included in the 
appendix below. 

Theorem B: The lattice method given in Thm.A {i.e. taking linear combinations of 
WZ'^{T) for generating physical invariants requires that the following conditions on the 
(not necessarily positive) type T = (7^; 7^) must be satisfied: 



4. Analysis of the method 



(4.1a) 




Li 



j=i Rj 




i=l 




PR3 



riRj/A (mod 2). 



(4.1c) 
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Thus eqs.(4.1) are necessary for the lattice commutant il^{T) of type T to contain 
physical invariants. A (not necessarily positive) type T which satisfies eqs.(4.1) will be 
called an accessible type; T will be called weakly accessible if it satisfies eqs.(4.1a, 6) but 
not necessarily (4.1c). 

The condition in (4.1a) is precisely the statement [18] that the base lattice A(T) has 
self-dual gluings, in other words that the set J0,{T) be nonempty. It implies among other 
things that the determinant |A(T)| must be a perfect square. 

Eq.(4.16) is just (3.12a), and is required for WZ^(T) to be invariant under r ^ r + 1. 
By the "strange" formula of Freudenthal-de Vries (or by explicit calculation using the 
values given in the appendix) it can be seen that (3.126) is satisfied whenever (3.12a) is. 
Thus WZl{T) will be an invariant iff (4.16) holds. 

Eq.(4.1c) is the statement that the vector 

Xu = -u +{-====,... ■,...,-====) (4.2a) 
^kLi + hl^ ^kRr + h}^^ 

must satisfy (3.9). If (4.1c) were not satisfied, then the vector Xu could lie in no A, where 
(A, u) G C{T). That would mean that no WZ^iT), when expanded into terms of the form 
of (3.3), would contain 

XG{TL){zL.T)-xo{rR){zR,T)\ (4.26) 

and so no linear combination could possibly satisfy property (P3). 

To help us determine how overly restrictive eqs.(4.1) are, and hence how general the 
method described in Sec. 3 actually is, we will now give a condition that the type of any 
physical invariant must satisfy. 

Theorem C: Let be the type of some physical hivQxiajvi. Then the following condition 
must be satisfied: 



Eq.(4.3) follows from invariance under r — > r + 1 {i.e. (1.2a)), and the requirement 
(see property (P3)) that the invariant of type T must contain the term in (4.26) with 
nonzero coefficient. (It is proven in [10] — see also [14] — that the products in (3.6) for 
G P_|_(Tl) and \r G P_|_(Tr) are linearly independent. They are linearly independent 
even when, in the symmetric case considered by Roberts and Terao [5], we choose zl = zr 
to be real.) 

Again, it should be stressed that (4.3) must be satisfied by any type which is realized 
by a physical invariant; it is not assumed that that invariant is obtainable using the method 
introduced in Sec. 3. 

In the following section we will use Thm.C to help us find all heterotic physical in- 
variants of total rank ul + ur < 4. 
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Note that a symmetric type automatically satisfies (4.3) (which is to be expected, 
since any symmetric type has at least one physical invariant, namely the diagonal one), 
and also satisfies eqs.(4.1), i.e. is also an accessible type. 

For heterotic types, (4.3) is quite severe, but eqs.(4.1) are even more so. A heterotic 
type T+ which has a physical invariant, need not be an accessible type. When T"*" is 
not accessible, its physical invariant (s) cannot be obtained as a linear combination of 
WZ'^iT^). However, this is not a serious problem, for the following result can be shown: 

Corollary C: Let T be any type. 

(i) Then there exists a null type T' such that the augment T + T' is weakly accessible. 

(ii) Suppose there is a physical invariant of type T. Then the augment T + T' in (i) will 
in addition be accessible. 

We will show in Sec. 6 that the augment T+T' in (ii) necessarily satisfies Vt^{T +T') — 
0p7(T). Incidently, there are infinitely many null types T' that will work in (i) and (ii) 
{e.g. add arbitrary numbers of copies of {74i,0} to either side of any T' which works). 
The proof of (i) is not difficult, and (ii) is an immediate corollary of (i) and Thm.C. 

The following result will simplify the completeness proof in Sec. 6. It also is useful in 
practical calculations, as will be illustrated in the next section. 

Theorem D: Let T be any (not necessarily positive) accessible type. Then 

(i) if riL = nn (mod 8), then for odd A with (A,tt) e >C(T), WZ'^{T) can be written as 
the difference WZl^{T) - WZl^{T) for two even Ai, A2 G Cev{T); 

(ii) for T' = ({Ai,0}; ) or T' = ( ;{Ai,0}), T + T' is also accessible, and for any 
(A, u) G C{T + T'), WZl{T + T) equals c • WZi,{T), for some {A.' ,u') e C{T), and 
some constant c. 

To prove Thm.D(i), write A = Ae U (Ag + g), where Ae equals the set of all even- 
normed vectors in A and g"^ is odd. Then define the gluings Ai = Ag U (Ag + u) and 

A2 = AgU (Ae + tt + 5r). The proof of (ii) is similar but a little longer. First note A^2^* /A^^ 

consists of 4 cosets: [0] = 2Z; [1] =^ \ + 2Z; [2] =^ 1 + 2Z; and [3] =^ | + 2Z, using obvious 

notation. Write the cosets x e A/(^2^^ © A(T)) as [a;i,a;2], where xi = 0,1,2,3 and 
X2 e A(T)*/A(T). case 1: If [2,0] C A then A = Z © A', where A' is a self-dual gluing 
of A(r). Write u = {ui,u'), then WZl{T + T') = 2 ■ WZ\,(J). case 2: Otherwise, 
3g e A(T)*/A(T) such that [l.^f] C A. Without loss of generality (see Thm.A(ii)) take 
u = (0, U2). Write A2 = {x2 e A(T)* | (0, X2) G A}. Then IA2I = 4 and A2 is integral. The 
order of g in A2 is 4 (since [1] has order 4). case 2a: If A2 is an even lattice, then take 
A' = A2 U (A2 + 2g) and u' — U2 + g. case 2b: Otherwise there is a vector g' G A2 with 
odd norm. Then take A' = A2 U (A2 + 2g) and u' = U2 + g' — g. 

Note that there are no conditions on tll, in Thm.D(ii), so the same conclusion holds 
for any T' = ({Ai, 0}, . . . , {Ai, 0}; {Ai, 0}, . . . , {Ai, 0}). Thm.D(i) says that whenever 
riL = riR (mod 8), fl^y{T) = Q,^{T). Of course, for T symmetric this forced by the 
completeness proof in [9] . 
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5. Examples: the physical invariants of low rank 



In this section we will work out some explicit examples to help illustrate this method. 
In particular we will find all heterotic physical invariants of total rank ul + nn < 4. 

Let us first "solve" (4.3) for the types of smallest total rank. First consider positive 
types of total rank 1. These will look like T"*" = ) or equivalently ( ;{Ai,k}), 

for some A; > 0. From the appendix we can write (4.3) as 



= ^ (mod 2), 



k + 2 2 

i.e. k = (mod 8{k + 2)). This has no solution for A; > 0. Thus Thm.C tells us that there 
can be no physical invariant of total rank 1. 

Similar but lengthier arguments apply to the other ranks. In particular it can be 
shown that the only types of total rank 2 which satisfy (4.3) are the symmetric types 
({^1, k}; {Ai, k}). There are exactly 6 solutions of total rank 3: 

r,=({A2,l};{Ai,4}) (5.1a) 

Tn={{A^,l},{A^,l}■,{A^,4}) (5.16) 

Tr77=({C2,l};{^i,10}) (5.1c) 

riv={{G2,l};{Ai,28}) (5.1d) 

Tv =({^1, 1}, {^1, 2}; {^1, 10}) (5.1e) 

Tvi =({^1,3}, {^1, 1}; {^1, 28}). (5.1/) 

All of these are inaccessible types — e.g. 7} fails to satisfy any of eqs.(4.1). However the 
augments 

Ti + r/ =({^2, 1}, {C2, 0}; {^1, 4}, {^3, 0}) (5.2a) 

+ ^// =({^1, 1}, {^1, 1}, {^2, 0}, {F4, 0}; {^1, 4}) (5.26) 

"^iii + 'I'hi =({C2, 1}, {^2, 0}; {^1, 10}, {Cg, 0}) (5.2c) 

T/v + 7}V =({^2, 1), {C2, 0); {Ai, 28), {S3, 0}) (5.2rf) 

Tv + =({Ai, 1), {Ai, 2), {A3, 0}; {Ai, 10}, {D5, 0}) (5.2e) 

Tvi + T^i =({Ai, 3}, {Ai, 1}; {Ai, 28}, {A2, 0}, {D^, 0}) (5.2/) 



are all accessible. 

It can be shown (this will be discussed below) that there is exactly one physical 
invariant of types 7}, 7}//, Tiv, and Tvii and none of types 7}/ and Tv- The rank 3 
physical invariants are: 

Zi =XooXo + X00X4 + X10X2 + X01X2 (5-3a) 
Ziii =XooXo + XooXe + X10X3 
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+ XioXt + X01X4 + XoiXio (5-3fc) 
Ziv =XooXo + XoiXe + XooXio + X01X12 

+ Xoixle + Xooxts + X01X22 + X00X28 (5-3c) 
^i^/ ={XoXo + X3Xi} • {Xo + x\q + Xts + X28} 

+ {xiXi + X2X0} • {Xe + XI2 + Xte + X22}> (5-3rf) 



where in the subscripts we used the Dynkin labels to represent the weights A, and the 
superscripts 'gr, /c' have been dropped. 

Thus the physical invariants of total rank < 4 have been completely classified; eqs.(5.3) 
contain the only heterotic ones, and [4] enumerated all the symmetric ones, which are of 
type ({^1, k}\ {Ai, k\) (and total rank=2). 

We will now use the generalized RTW method developed in Sec. 3 to construct the 
physical invariant Zj in (5.3a). The other physical invariants in (5.3) can be constructed 
similarly. 

Consider Tj. Because 7} does not satisfy (4.1a), £(7}) = {} and 0^(7}) = {0}. That 
is one of the possible consequences of the type being inaccessible, and is the reason that 
we must turn to the accessible augment 7}" = Tj +Tj given in (5.2a). We will construct 
the desired self-dual lattice using gluing; for a review of the gluing theory of lattices, see 
[13,18]. 

The base lattice is A(T/') = (^^'*^e(^ie^i)(3); A^^^®A^^^), which can also be written 

{A''2\i[^\i[^^;I['^'^\A^^'') using obvious notation. This has the determinant |A(7}")| = 
4^ ■ 3"^, so in order for A to be a self-dual gluing, the glue group A/A{Tj) must have order 
V48 • 34 = 2^ ■ 32 = 2304. 

A convenient basis for the dual {A^'^)* consists of the scaled fundamental weight 
/3i/2 and the scaled simple root ai/2. Let Xm,n denote the vector mPi/2 + nai/2. Then 
Am,n £ ^2^"* iff m = (mod 12) and n = (mod 4). In this basis, p/2 = As^-i. 

Similarly, a convenient parametrization of (A^^^)* is Hp^q^r = P/3i/2 + qai/2 + ra2/2. 
I^p,q,r ^ ^s^"* iff p = (mod 16) and g = r = (mod 4). The p/2 here equals /ie.i.s- 

Finally, ; l"^^)* can be parametrized by the triples {a,b,c) corresponding to 

the vector (a/v^, b/V6; c/VT2). That vector lies in (/f \ /f Vl^^^) iff a = 6 = (mod 6) 
and c = (mod 12). The scaled p for (C2 ; A\ ) then is given by the triple (2, 1; 1). 

Note that by Thm.D(i) we may restrict our attention to even self-dual gluings A, 
since ul = ur = 4. Because we want to find an invariant satisfying (P3), we may as 
well include the vector xq in (4.2a) as a glue vector: hence our first glue will be gi = 
(Aa^-i, 2, 1; 1, /ieis). This glue has order 24. Of course it has even norm — this is implied 
by (4.1c). For our second glue we may choose any (72 for which (72 ■ (/i G Z and (/^ G 2Z; 
an example is g2 = (Aio, 1, 1; 0, //qos): which has order 12. Similarly, g^ — (0, 3, 3; 6, 0) and 
94: = (Aoi, 0, 0; 0, /ioio) have even norms and integral dot products with all other glues. 
Their orders are 2 and 4, respectively. 

Choosing gi,g2, g^iQA as our glue generators, it is easy to see that the group generated 
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by them (mod A(7}")) has 2304 elements. Thus the gluing 



A = A(r/)[^l,£f2,£f3,5'4] 



def 



U {agi + bg2 + 093 + dg4. + A(T/')) 



a,6,c,d€Z 



is even and self-dual, so lies in CeviTj')- It turns out to have the partition function 
W^Z^(r/') = 48Z/, and thus directly gives us one of the physical invariants. 

There are many different ways to show that eqs.(5.3) exhaust all the physical invariants 
of type 7}, . . . , TV/, including finding all relevant lattice gluings (this is much easier than it 
sounds, thanks to the large Weyl groups involved). For types of such small total rank and 
levels, the direct approach of explicitly calculating the S and T matrices corresponding to 
the modular transformations r r + 1 and r and finding all combinations of 

the characters invariant under them also will work fine, but becomes totally unfeasible in 
more complicated cases. 

Incidently, refs.[5] both use the shift lattice construction method. For the heterotic 
case (and perhaps also for the symmetric case), the gluing method used above seems more 
efficient. 

The four heterotic physical invariants obtained in (5.3) can also be found using the 
technique of conformal embeddings [8]. For example, (5.3a) comes from the level 1 diagonal 
invariant of A2. However, the lattice method found here is more general, and we can expect 
it to reveal more solutions than conformal embeddings for higher rank (see Thm.E below). 

The accessible types of smallest total rank which satisfy (4.3) include 



Both of these are of total rank 4. It is not difficult to write down the other heterotic rank 
4 solutions to (4.3): there are (unfortunately) infinitely many of type 



and approximately 50 others. 

In the symmetric case, this lattice method is currently being used in a computer 
program by Q. Ho-Kim [19] to find all symmetric physical invariants of total rank 4, and 
levels up to around 35. 



In this section we prove the completeness of the generalized RTW lattice method. 
Much of the notation used below is defined at the end of Sec. 3. 

In particular, consider any positive type T+. Let T' be any null type for which the 
augment T — T+ + T' is weakly accessible (see Cor.C(i)). That means that T satisfies 
both eqs.(4.1a, 6). The first of these says that the lattice set C{T) is nonempty, and the 
second says that for any (A, tt) e >C(T), the function WZjl{T) is modular invariant. It 



^i=({C4,10}; ). 



(5.4a) 
(5.46) 



{{A,,k},{A,,k'};{A,,k"},{A^,k'"}), 



6. The proof of completeness 
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can be shown (see the proof of Thm.7.8 in [18]) that Cev{T) is nonempty iff both (4.1a) 
and ul + n'j^ = ur + n'^ (mod 8) hold. In that case we also have that for all A e Cey{T), 
WZ\(T) is modular invariant. 

Theorem E: Consider any positive type T+. Let T' be any null type for which the 
augment T+ + T' is weakly accessible. Then the lattice commutant of type T+ + T' equals 
the Weyl- folded commutant of type T+r 

n^(T+ + T') = nH/(T+). (6.1a) 

Moreover, when the ranks satisfy n^ + n^ = nji + n'j^ (mod 8), the even lattice commutant 
equals the Weyl-folded commutant: 

n^,{T+ + r)^nw{r+). (6.16) 



Hence this says that the generalized RTW method succeeds in generating all (het- 
erotic) invariants, and in particular all physical ones. Although it holds for any null type 
T' for which T+ + T' is weakly accessible, clearly it is most advantageous to choose one 
of smallest rank, and if possible one for which til + n'j^ = nji + n'^ (mod 8) also holds. Of 
course, if T+ is already weakly accessible, then T' may be taken to be empty: T' = ( ; ) . 

In [9] we previously showed that the RTW lattice method spans the commutant for 
symmetric T. That argument was inspired by the analysis of [20] . As much as possible, we 
will try in the following proof to stick as close as possible to the machinery and notation 
developed in [9]. 

Note that Thm.A gives the containment O,^ C 0,^. To prove Thm.E, we will augment 

the type T + + T' by some copies of {Ai,0}. This will allow us to consider the simpler 
case of even self-dual lattices; by Thm.D, nothing is lost by using the resulting Th instead 
of T+ + T' . Most of the proof is devoted to establishing a mapping, given in eqs.(6.7), 
between the invariants of and those of a certain symmetric type Tg. The claim found 
below shows that each lattice partition function of Tg gets sent by our mapping to a lattice 
partition function of 7^. We know [9] lattice partition functions span the commutant of 7^, 
and using our (linear, surjective) mapping we then get that the lattice partition functions 
span that of T^. 

Proof of Thm.E Choose any number n'[ > for which ul + n'j^ + n'[ = ur + (mod 
8), and let T" — ({yli,0}"'i; ) be the null type consisting of n'[ copies of {^i,0}. By 

Thm.D(ii), + T' + T" will also be weakly accessible. Thanks to Thm.D, it will 

be more convenient to work with 7^ than T"*" + T' . We will return to T"*" + T' in the final 
paragraph of the proof. 

Write Th = {Tl^Th). Our first goal will be to establish a connection (see eqs.(6.7)) 

between invariants of the symmetric type Tg =^ {Tl;Tl) + (Tr; Tr), and invariants of the 
heterotic type T^. That will permit us to exploit the result from [9] that lattice partition 
functions span the commutants of symmetric types. 
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As was done in [9,20], we will consider instead the commutant built up from the theta 
series of glue classes, rather than the one built up from characters. The latter can be 
recovered from the former by Weyl-f aiding, i.e. summing over the Weyl group as in the 
numerator of (2.2a). The details will be made clear below. 

Define Al = A(Tl) and Ar = A{Tr), so that A{Th) = {Al;Ar). For each Xl = 
(Ali, • • • , ^Ln'l) ^ ^l/^l and zl = (zli, • • • , ^Ln'l) ^ C (8) A_L, define the function 

IT\, I .def [■^ e{\u + Mj,t*''"')WkL, + hl,ZLi\T )' 

s.dWr)= [U j^^j;^) 

and for Xn e A*j^/ Ar, zr E C ® Ar define a function txj^(TR){zR\T) similarly. All terms 
sxi^{TL)t\j^{TR)* are linearly independent (this follows from Thm.4.5 in [14]). 
Define Qtfii'Th) to be the space of all modular invariant linear combinations 

Z = Y1 ^A. A« sx, {Tl) tx, {TrY, (6.2) 

where the sum is over all Al G A\/ Al, Xr G A*^/ Ar. We will call these theta-invariants 
of type Th to distinguish them from the c/iaracter-invariants considered elsewhere in this 
paper. N will be called the coefficient matrix of Z; its dimensions are \Al\ x \Ar\, where 
as usual we denote determinants of lattices by | • | . 

There exist matrices Tj,, Tr, Sl and Sr which describe how s^^. (7^) and ixj^iTii), 
respectively, transform under r — > r + 1 and r — > — 1/t. They are explicitly given in [9]. 
Here it suffices to remark that they are symmetric and unitary. The function Z in (6.2) is 
modular invariant iff both 

tInTr = N, and (6.3a) 
sInSr = N. (6.36) 

From the comments made at the beginning of this section, we know Cev^Th) is 
nonempty, so there exists an even self-dual gluing Aq of {Al; Ar) for which WZ^ (Th) 
is a modular invariant. In fact, an identical calculation shows that the theta series of 
Ao, divided by the usual D{Tl)D{Tr)* , also is modular invariant. We will denote it by 
ZhoiXh)'- writing it out explicitly, we get 

ZK,{rh){zLZR\T) = s,^,{TL){zL\T)tx,{TL){zR\Tr. (6.4a) 

(Ai,;AH)6AQ/(Ai;AH) 

It is in the form of (6.2) with coefficient matrix A^Aq given by 



16 



Hence ZA^{Th) is a theta-invariant lying in Q,tfi{Th). 

Let Zl, Zr with coefficient matrices N^, Nr be any theta-invariants of type (T^; 7^) 
and (7r; 7r), respectively. Note that by (6.3), NLN/>^gNfi will be the coefficient matrix for a 
theta-invariant of type Th — {Tl]Th). This observation motivates the following discussion, 
designed to establish the connection between and 7^ given in eqs.(6.7) below. 

A A' 

For any Al, A'^ e AJ^/A^,, let A^^^ ^(^) denote the coefficient matrix defined by: 

^(A^;0),(A^;0)/^pN / a a' \ 

g(T.)g(T). = i: (AT^^MT.)) .,(T.)v(r.)-, (6.5) 

where the function A^'~(A) on the LHS is given by (3.8a) above, and where A£ denotes 
the diagonal gluing of (A^; A^) — i.e. the even, self-dual lattice 

AF= U (A;A) + (A,,;A^). 

AeA*/Ai, 

A a' 

Define the analogous matrix ^(^) similarly. The dimensions of these two complex 
matrices are |A£,| x |A^| and lA/^l x lA^^I, respectively. 

Now choose any e (A^^^)7A^^^ and /c^, /c^ G (aJJ^)7A^\ Define the matrix 

{kL, kji, k'j^, k'j^}h by the matrix product 

{kL,kR,k'L,k'ji}h =exp[-27ri(/cL ■ k'^ + kR- /c^)]- 

• Ar2^'="'^'=^(rL) Nao A^^'«'^'«(rfl), (6.6a) 

where by '^kiJ , etc. we mean the coset \/2A;l + A^ G A*j^/ K^. Because A^Aq is nonzero, an 
easy argument (see eq.(3.76) in [9]) shows these {• • ■}h span the space of complex jA^ | x \Kr\ 
matrices (though they are not linearly independent). Moreover, from (3.86) we read off 

t1 {/CL, kR, k'L, k'jijhTR = {kL, kR, k'L + kL,k'ji + kR}h, (6.66) 
sl{kL, kR, k'^, k'RjhSR = {k'^, k'j^, -kL, -kR}h- (6.6c) 

Note that eqs.(6.66, c) are precisely the form obtained in the symmetric types analysis of 
[9]. In particular, define 

{kL, kR, kl k'^}s - exp[-2m{kL -k'j^ + kR- k'^)] N^ik,MV2{k'M^^^^^ ^g_g^^ 

where N^i^^^^i^^-^i^L^k'^) (^j-^^^ is defined analogously to (6.5). Then eqs.(6.66,c) will still 
hold when {■ ■ •}h is replaced with {■ ■ •}s (see eqs.(3.3) in [9]). 
The point is the following. To any function of the form 

Zs= akL,kR,k'^,k'^{kL-,kR,k'L,k'pt}s (6.7a) 
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we can assign the function 

Zh= OikL,kR,k'^,k'^{kL,kR,k'L,k'ji}h. (6.76) 

(The well-definedness of this assignment will be discussed below.) If Zg is modular invari- 
ant, then so will be Z^. 

Moreover, any theta-invariant Zs G flth{%) and Zh G flthi'Th) can be written in the 
forms of eqs.(6.7a, 6), respectively. The proof of this is easy (see eq.(3.46) in [9]), and is 
based on the fact that a subgroup of finite index in the modular group fixes each {■ ■ - jft 
and {• • •}«. 

Thus eqs.(6.7) define a linear map from Q^thiXs) into VtthiXh). This map is well-defined 
(hence onto) because, although {■ ■ -js are not linearly independent, any choice of a for 
which the sum in (6.7a) is zero, will also give a zero sum in (6.76). The reason for this 
is that the relations in (3.7(i) of [9] hold in both the symmetric and heterotic cases, and 
generate all linear dependencies in the symmetric case. In general though there will be 
additional ones in the heterotic case, so this map will usually not be one-to-one. 

Let As G Cev{Ts), and define the lattice function Zj^^{'Ts) as in (6.4a). We proved in 
[9] that the theta-commutant of type Tg will be spanned by these lattice functions. For 
any such A^, let Zh{h.a) denote the function in (6.76) assigned to Zj^^{Ts). Then these 
Zh{Ks) will necessarily span all of Q,th{T^h)- 

Claim: For any As G Cev{%)i there exists a A/j G Cev{Th) such that 

Z^As) = L.ZAjrft), 

for some integer L > 0. 

Proof of claim Let Nh be the coefficient matrix corresponding to Z/j(As). Then a simple 
calculation gives us, VAl G A^/A^, A_r G A|j/A/j, 

A'^,A^+2Ar (^aJaz,,A'^;A'^ -Ar ' (6-8) 

where the sum is over aU G A^/A^,, A'^^ G A.}^/ Kr. But N^^ and N^^ look like (6.46), 
so (6.8) can be simplified to the rule: 

{Nh)\L\R equals the number of A^, A'^^ for which both 

(A^;A'^ + 2Ai?) G Ao, (6.9a) 
(Ai,A'H;Ai,-Afl)GAs. (6.96) 

Let L — {N]t)qq. Then L > 1 (since A^ = A^ = will always work for Al = A_r = 0). 
By linearity of (6.9), we see immediately that for each Xl,^r, if {Nh)\L\R > 0) ^^en 
i^h)\L\R = Therefore N^/L has only the entries and 1. 
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Define Kh = {{^l; Xr) \ {Nh)xr.Xn = L}. Then (Al; Afl) C Ah (since {Nh)oo = L). 
We want to show that A/j is a lattice. This will be so iff, for all (Al; \r)^ (A^; A^) G A/j, 
both 



hold. But this is immediate from the linearity of eqs.(6.9). 

Thus A/i is a lattice, and Zh{As) — L ■ Z\^{Th). Invariance under r — r + 1 imme- 
diately gives that contains only even norms, hence all its dot products are integers. 
Invariance under r — > — l/r, and looking at the (A^a?,)oo component, allows us to read off 
that \Ah\ = 1. 

Therefore A^ is even and self-dual. QED to claim 

But any invariant in Qwi'^'^) can be written as one in QthC^h), simply by multiplying 
it by 1 = Xn' and using the Weyl-Kac formula to expand out the numerators of 



all characters into theta functions. Weyl-folding the claim then tells us that Q^^{Th) = 
n^{Th) = flwi^ +)• Thm.D(ii) now completes the proof by saying n^{T++T') = VL^{Th). 
QED to Thm.E 



In this paper we find a condition (4.3) which the algebras and levels must satisfy in 
order for heterotic physical invariants to exist. A lattice approach, called the generalized 
RTW method, for finding heterotic physical invariants is proposed and analyzed. It will be 
summarized in the following paragraph. Using it, all heterotic physical invariants of total 
rank ul + riR < 4 are found — see eqs.(5.3). We then prove in Thm.E that any heterotic 
physical invariant, of any type, can be obtained using this method. 

The generalized RTW method: suppose we are interested in finding physical invariants 
of (positive) type T"*". Then for any null type T' for which the augment + T' is 
accessible, find a self-dual gluing A of the base lattice A{T^ + T'). Then find any u 
satisfying (3.9) and compute the function W Z'^{T^ -\-T'), writing it as a linear combination 
of terms looking like (3.6). Each of these functions will be a modular invariant of type T+. 
Find the linear combinations of these invariants which satisfy properties (P2) and (P3). 
Any linear combination which does will be one of the desired physical invariants. 

Examples of this method are provided in Sec. 5. For small ranks and levels, this method 
is extremely practical [19]. There are other ways to find physical invariants {e.g. conformal 
embeddings), but a big advantage of this method is that it is complete: it will find all of 
them. But its greatest value may be theoretical, in that it offers a convenient description of 
the entire commutant. Indeed, a logical first step for classifying all physical invariants in a 
given class (see e.g. [4,20]) involves understanding the commutant, and lattices could pro- 
vide a valuable tool for that. This is indicated in [21] by the transparency of a translation 
into the lattice language of the Ai completeness proof, as well as in [9] by the classification 
given there of the level 1 symmetric physical invariants. 



(-Al; -Afl) eAh, 



(6.10a) 
(6.106) 



7. Comments 
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It has been suggested in [21] that because the self-dual lattices involved here may- 
be odd, this generalized RTW approach may be applicable to the study of coset theories. 
However, this question has not yet been adequately investigated. 

An intriguing use for heterotic invariants of small rank has been suggested by C.S. 
Lam [22] as a means of reducing the rank of the effective gauge group for heterotic strings. 
The idea is to factorize the partition function of the theory: one factor will be a (small 
rank) physical invariant which describes the real world, while the other factor will be a 
physical invariant describing some 'shadow world'. These factors must be chosen so that 
the total central charge adds up to the correct numbers. For particle physics we can 
ignore the shadow world and its invariant — they would only be relevant for gravitational 
considerations such as the cosmological constant problem. 

This work is supported in part by the Natural Sciences and Engineering Research 
Council of Canada. I would like to thank C.S. Lam for introducing me to the problem 
of heterotic invariants, and Patrick Roberts for many constructive criticisms. I have also 
benefited greatly from several conversations with Quang Ho- Kim. Finally, the hospitality of 
the Carleton mathematics department, where this paper was written, is much appreciated. 



Appendix 

A number of relevant quantities for each simple Lie algebra g is collected below. By 
'~' we mean the similarity relation discussed in Sec. 4, and by {mi, m2, . . . , mk} we mean 
the orthogonal lattice I^"^^^ © • ■ ■ © (^j-^ jg the 1-dimensional orthonormal lattice). 

For g ^ An {n> 1), = n(n + l)(n + 2)/12, h"^ =n + l, \\A+\\ = n(n + l)/2, and 
M = An- M r-. {n+l,n+l,n+l}. 

For g = Bn (n > 3), = n{2n + l)(2n - 1)/12, = 2n - 1, ||A+|| = n^, and 
M = Dn. M ^ {!}. 

For g ^ Cn {n > 2), = n{2n + l)(n + 1)/12, = n + 1, ||A+|| = n^, and 

def 

M = = Ai® ■ ■ ■ ® Ai {n times). For n even, M ~ {1} and for n odd M ~ {2}. 

For g^ Dn{n> 4), ^ _ i)(2n - l)/6, hy = 2(n - 1), ||A+|| = n(n - 1) and 
M = Dn. M~{1}. 

For g = Eg, p^ = 78, /i^ = 12, ||A+|| = 36 and M = Eq. M ^ {3}. 

For g = Er, p^ = 399/2, /i^ = 18, ||A+|| = 63 and M = Er. M ~ {2}. 

For g = Es, p^ = 620, /i^ = 30, ||A+|| = 120 and M = Eg. M {1}. 

For g = F4, p2 = 39, /i^ = 9, ||A+|| = 24 and M ^ D^. M ^ {1}. 

For g = G2, p2 = 14/3, /i^ = 4, ||A+|| = 6 and M = A2. M ~ {3, 3, 3}. 

The root lattices An, Dm Eq, E-j and Eg are described at some length in [13]. 
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